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COMMUTATORS, C*-CLASSIFICATION, AND
SIMILARITY OF OPERATORS

BY
SHMUEL KANTOROVITZ(*)

Abstract. We generalize the results of our recent paper, The C*-classification of
certain operators in L,. II, to the abstract setting of a pair of operators satisfying the
commutation relation [M, N]=N?2,

1. Introduction. The method we advanced in [11] for the solution of the C*-
classification and similarity problems for the operators T,=M,—{J in L,(0, 1)
(1<p <o), where (M,.f)(x)=xf(x) and (Jf)(x)=[5 f(¢) dt, turns out to work in
much more general situations. The critical properties of M, and J are the com-
mutation relation

M M, J] =J?

and, at a latter stage of the theory, the possibility of imbedding J in a holomorphic
semigroup of operators J¢, possessing a boundary group on the imaginary axis. In
this particular case, J* is the Riemann-Liouville semigroup in L?(0, 1):

@ @) = IO f (x—t)Y()dt, Rel> 0.

The purpose of this paper is to study the implications of commutation relations of
type (1), and more specifically, we shall generalize the results of [11] to our abstract
setting.

We give now a more detailed description of our results. §2 contains three element-
ary lemmas, the first of which has very curious implications on the similarity of
certain Banach algebra elements (cf. 7.1-7.3). We then study the commutation
relation

©)) [n, m] = an®

in Banach algebras, where a commutes with both n and m. One reason for intro-
ducing the factor a is to get a unified treatment of m+ {n and m* + {n* (when there
is an involution * in the algebra), for [n, m]=n? implies [n*, m*]= —n*2, and both
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of these relations are of type (3). For other reasons, see §7 (in fact, we need only
elements @ which are scalar multiples of the identity). Of course, if the pair (n, m)
satisfies (3), then the pair (an, m) satisfies (3), with a=1 (identity). The basic result
of §3 is the “exponential-formula’ (4) in Theorem 3.2, which generalizes Theorem 4
of [11]. As consequences, we obtain results concerning the spectrum of m—kan
(integral k) and its C*-classification. For example, if the spectrum o(m) of m is real,
then o(m—kan)=a(m), and if m is also of class C" for some r =0, then m—kan is
of class C"*!*!, and its C"*'*l-operational calculus is explicitly given (cf. Corol-
laries 3.9-3.10; the terminology, which is that of [9], is explained below).

In §4, we consider regular semigroups of operators on a Banach space. These are
holomorphic semigroups {N({); Re {>0} of class (C,) and finite type, the type
being defined by

v = sup log [N(Q)|

where Q is the rectangle {{=¢+in; 0<£<1, 9| =1}. For example, the Riemann-
Liouville semigroup in L,(0, 1) (1 <p<o0) is regular of type <=/2 (cf. [5]). It is
known that a regular semigroup possesses a strongly continuous *“boundary
group” {N(in); n real} of bounded operators, and the “extended” semigroup
{N(®); Re {=0}is of exponential type <v. Ifv <, we show that for each { (Re {>0),
N({)is a one-to-one operator with dense range. Defining N(—{)=N({)~* (Re {>0),
we obtain a family of closed densely defined operators {N({); { complex}, bounded
for Re {=0, and satisfying the ““semigroup relation” N({;+¢5)> N({)N(Ly). Let
N=N(1), and suppose 4#0 and M are bounded operators such that 4 commutes
with both M and N, and

3 [N, M] = AN?Z.

We assume v<wm. For the operators T,=M+(AN, we prove the identities
NQM=T,N() and MN({)=N({)T_, so that, in particular, T, and T, are similar
if Re {=Re c.

In §5, we combine the ideas and results of §§3 and 4 to obtain generalizations of
all the results of [11] to the present abstract setting. Let r, s denote nonnegative
integers, and {= £+ iy be any complex number. If M is real (i.e., o(M) real) of
class C’, then o(T;)=0(M) and T is of class C"** in the strip |Re {| <5 (Theorem
5.2). The CT*s-operational calculus for T; is given in Theorem 5.5. More precise
results are obtained when |e*™||=0O(1) (which is the case for M=M,). We then
have a full generalization of the basic Theorem 6 of [11]. Write c=||AN| (c¢>0 of
course) and T,(¢)=exp (itT;), ¢ real. Then there exist a constant H and a positive
upper semicontinuous function C(€) on R such that

4) C(f)e'z""" < (1+c|t|)""||T¢+i,,(t)|| < He?vn

for all real £, », t (Theorem 5.7).
From this we deduce a precise classification theorem which generalizes Theorem
1in [11]:
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THEOREM 5.8. If M is real of class C, then T, is of class C*® if and only if
|Re {| <s.

In §6, we turn to the similarity and spectrality problems for the operators T, and
obtain generalizations of Theorems 2 and 3 of [11]. As before, || =0(1).

THEOREM 6.1. T, and T, are not similar if |Re (| #|Re af.
THEOREM 6.2. T, is not spectral for Re {#0, 1,2, . ...

Both results follow readily from (4). The method cannot decide the similarity
question when Re {= —Re « (a trivial case when M=M, and N=/J, cf. [11, §3] or
[6]), and the spectrality question when Re {=0, 1, 2, ... (if M=M, and N=J, this
case is easily settled by consideration of the point spectrum o,(7};); a generalization
along these lines is given in Corollaries 6.4-6.5).

Various generalizations are studied in §7. In the Banach algebra context,
Theorem 7.3 gives a similarity result (positive this time), which follows from
Lemma 2.1 alone. Then, with 4, N(-) and M as above, we obtain in particular that
M+ 3 o, AN(L) converges in the operator norm and is similar to M, whenever o, {;
are complex numbers such that Re {;=1, {;#1 and 3 e({;—1)"*N({,—1) con-
verges. Thus, in all our results, T, can be taken to mean

T, = M+aAN+3 4 AN(L),

with o, {; as above, and « complex arbitrary. Since «; could be operators as well (if
they commute with 4, M, and N), we obtain as corollaries results concerning the
operators M+ f(AN), where fis analytic at 0 (note that AN is quasi-nilpotent). For
example, if (0) is real and M is real of class C, then M +f(AN) is of class C* if and
only if |[Re f'(0)| <s. If £, g are analytic at 0, then M+f(4N) and M+g(AN) are
similar if f(0)=g(0) and Ref’(0)=Re g'(0). Conversely, if |e*¥|=0(1) and
M+f(AN)~ M +g(AN), then f(0)=g(0) and |Re f'(0)| =|Re g'(0)|. Here “A~ B”
means “A is similar to B”. In particular, if | "™ | =O(1), then M+ f(AN)~ M if and
only if f(0)=Re f'(0)=0. We conclude the paper with some remarks on the reduc-
tion of more general commutation relations to the relation (3) (or (3)).

Note that if 4=AI (A complex), then our hypothesis on M, N(-) is “invariant
under similarity”, i.e. the pair M’, N'(-) satisfies the same hypothesis if M’
=Q"MQ and N’'(-)=Q *N(-)Q (with the same nonsingular Q). For example,
suppose ¢ is a strictly increasing map of [0, 1] onto [a, b] (—o0 Sa<b= ), with
@(0)=a, ¢(1)=>, such that ¢, 1/¢’ € L*(0, 1). Then the substitution operator
So: f(t) - f(p(x)) is a nonsingular operator of L,(a, b) onto L,(0, 1) (1 <p <o),
whose inverse is S, =.S,, where ¢ is the inverse function of ¢. If we take M=M,
and N({)=J*% in L0, 1), then M'=M,: f(t) — $(2)f(¢t) and N'(-)=Ny(-), where

2) [NOS) = T f: (@) =D~ f () (7) dr,
feLya, b).
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Thus our results are valid for the operators T;=M'—{N’' (=M,—{/M,) on
L,(a, b), which is of course trivial since they are similar to M, —{J. However, we
may consider M’ and N'(-) (given by (2')) with weaker assumptions on ¢ (so that
M’ —N’ is not necessarily similar to M, —J), say ¢’ exists a.e. and belongs to
L®(a, b). We can verify that N'(-) is a regular semigroup of type <=/2 and
[M,, N,J=N}. For ¢ real, our results are valid for the pair M, N,. For example,
if p(x)=e* (0=x=1), Ny(-) is the “Hadamard semigroup” [4, p. 672].

t d
N0 = TO | Bog (F1() T
fe L1, e). In particular, our results are valid for the operators

T /)~ (og 00~ [ F E

on L1, e).

A completely different method for settling the similarity question (only) for the
family M, —{JM,. was advanced by G. Kalisch in [6]. It was Kalisch who asked
me at the Madison Mathematical Meeting (Summer, 1968), whether my method, as
presented in [11], would apply to abstract semigroups satisfying a commutation
relation (3’); I wish to thank him for bringing this problem to my attention.

NOTATIONS. R, C: the real and complex fields respectively.

I: the identity operator (on a Banach space).

If x belongs to a Banach algebra A with identity, o(x), o,(x), p(x) and R(A; x)
denote (respectively) the spectrum, the point spectrum, the resolvent set, and the
resolvent of x.

C'[a, b]: the Banach algebra of all complex functions of class C" (r=0) on
[a, b]<R, with the norm

T
o su (¢)] '!.
I, ;§=:o sup |¢]/j

Suppose o(x)< [a, b]. The element x € A4 is of class C" (or C'[a, b)) if there exists a
continuous homomorphism ¢ — ¢(x) of C[a, b] into 4 such that 1 -1 and
@(t)=t — x. This homomorphism is unique when it exists, and is called the
C-operational calculus for x (cf. [9]). Clearly, x is of class C" iff there exists a
constant K such that |e(x)|| = K| ¢|, for all polynomials ¢.

The paper is virtually self-contained; the only essential references are to a couple
of theorems in Hille-Phillips [4].

2. Three elementary lemmas. If fis a polynomial over a field K, we shall denote
by f” the formal derivative of f. If 4 is an (associative) algebra with identity 1 over
K, then f operates on 4 in the usual way: f(x) =2 Ax* for x € 4 and f(£) =3, A £¥.

LemMMA 2.1 (THE CHAIN RULE). Let D be a derivation on A, and let n € A be such
that Dn commutes with n. Then Df(n)=f'(n)Dn for every polynomial f over K.
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If A is a Banach algebra over C, and D is a continuous derivation on A, then the
chain rule is valid for all complex functions f analytic in a neighborhood of o(n).

Proof. Since D1=0, the first part of the lemma follows from the identity
€)) Dn* = kn*~1Dn, k=12,....

We prove (1) by induction on k. This is trivial for k=1. Assuming (1) for some k,
we then have

Dn**! = D(n*n) = (Dn*)n+n*Dn
= kn*~Y(Dn)n+n*Dn = (k+ 1)n*Dn

since Dn commutes with n.
If ae A is invertible, 0=Dl=D(aa"')=(Da)a *+aDa"*, and thus Da~!
= —a~Y(Da)a~*. Suppose 4 is a Banach algebra over C, and A € p(n). Then

DA1—-n)~t = (A1=n)~'Dn(A1=n)~* = (A1 =n)~*Dn.

Therefore, if fis a complex function analytic in a neighborhood of o(#), then for a
suitable contour C, the continuity of D implies that

2miDf () = f F)DOL—n)-1 d
- f F()AL=n)=2 d\ Dn = 2mif "(n) Dn.
(o}

Note that f'can be A4-valued (cf. [7]) provided D commutes with multiplication by
f(A) for each A. For some curious consequences of this lemma, see §7.

For A as before and ne 4, let D, be the inner derivation generated by
n: Dyx=[n, x]=nx—xn (x € A). The following “second chain rule” is valid in 4.

LEMMA 2.2. Let a, m, n be elements of A such that
(i) a commutes with m and n; and

(i) Dym=an?.
Then

(1) D,f(m)=anf'(m)n for every polynomial f over K.

If A is a complex Banach algebra, (1) is valid for every complex function f analytic
in a neighborhood of the disc {A; |A| < ||m|}; if o(m) has a connected complement,
(1) is valid for every f analytic in a neighborhood of o(m).

Proof. We prove by induction on k that

(2) D,m*=kanm*~'n, k=1,2,....
This obviously implies the first part of the lemma. For k=1, (2) reduces to the
hypothesis (ii). Suppose (2) is valid for some k= 1; then by (i) and (ii)

D,mF+t = (D,m*)Ym+m*D,m = kanm*~‘nm+am*n?.



198 SHMUEL KANTOROVITZ [May
By (ii) and (2) for k, we have
nm = mn+an® and mn = nm*—kanm*~n.
Therefore
D,m**t = kanm®~Y(mn+ an?) + a(nm* — kanm*~*n)n
= (k+1)anm*n, as wanted.

The second part of the lemma follows from the first by Runge’s theorem and the
continuity of the analytic operational calculus.

Let (G, +) be an abelian group, and let (H, -) be a semigroup with identity 1. A
map f: G — H is called a homomorphism if f(0)=1 and f(x+y)=/f(x)f(y) for all

x,y€G. A map g: G— H is abelian if its range is an abelian subset of H. The
product of two maps f, g of G into H is defined pointwise: (fg)(x)=/(x)g(x).

LEMMA 2.3. Let G be an abelian group, and H a semigroup with identity. Let
f, g: G — H be such that f and fg are homomorphisms and g is abelian. Then fg" is a
homomorphism for all r=0, +1, +2,....

Proof. Since fand A=fg are homomorphisms, f(x) and A(x) are invertible in H,
and therefore g(x)=f(x)"th(x) is invertible for each x € G. Since g is abelian,
g(x)~! commutes with g(y)~*! and with g(y) for all x, y € G. Let k=fg~*. Then
k(0)=1 and for all x, y € G,

k(x+y) = fX)f(P)gx+y)~! = fX)f(¥)gx+y)~"g(y)g(y)™*
=f)f(»)g(»)gx+y)~'g(y)~*
= f(h(Y)h(x+y) () (»)g(y)~*
= fx)h(x) " ()k(y)
= f(x)g(x)"k(y) = k(x)k(y),

i.e. k is a homomorphism.

Thus, the pair (f, g~*) satisfies the same hypothesis as the pair (f; g), and con-
sequently, it suffices to prove the lemma for positive integers r. This is done by
induction on r. For r=1, there is nothing to prove. Assume fg’ is a homomorphism
for some r=1. Then, for all x, y € G,

Sx+y)g(x+y)+t = f(x+y)g(x+y)g(x+y)
= f(x)g(x)f(»)g(y)g(x+y)
= f()g(x)f(»)g(x+»g(y)
since g is abelian.
Since fand h=fg are homomorphisms,
S ()gx+y) = f(x+y)g(x+y) = h(x)h(y) = f(x)g(x)f(»)g(»),
1.6

() f0)g G+ =g D)E ).
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Thus

Sx+y)gx+y)y+t = f(x)g(x)[gx)f(»)g(N)]g(y)
= f)gx)*(»)g(y)*?

forall x,yeG.

Since g(0)=1, fg"*! is a homomorphism, and the proof is complete.

ReMARK. Taking y=—x in (1), we see that g(x)~1=f(x)"1g(—x)f(x), i.e.
g(x)~1! is similar to g(—x) for all x e G.

3. An exponential formula. Throughout this section, 4 is a complex Banach
algebra with identity 1, and a, m, n are fixed elements of 4 such that

(i) a commutes with m and n; and

(ii) [n, m]}=an? (except in the second part of Theorem 3.2).

LeMMA 3.1. an is quasi-nilpotent, and for all complex X and integers k,
1) eMm—kan) — Am(] _ N\gn)k = (14 Aan)~*er™,

Proof. Let n,=an. Then [n,, m]=a[n, m]=a?n?=n?. This shows that we may
assume without loss of generality that a=1.

By Lemma 2.1, [n*, m]=kn***, hence |n* “*|| <(2||m|/k)||n*|, and by induction

@]m])y-?
Pl < =

@ ol s SEm i p =12
Thus [|#?|*? — 0 and n is quasi-nilpotent. Note that since [n, m]=n? commutes
with n, we could appeal to Theorem 1.3.1 in [12] in order to obtain the quasi-
nilpotency of n?, hence of n.

Since a(n)={0}, (1+ An)* is well defined for all complex A and all integers k. It
suffices to prove the first relation in (1), because then

erm—kn) — [e—}\(m—kn)]-l = [e—Am(1+M)k]—1 = (1+,\n)—ke7\m.

All the functions of A appearing in (1) are analytic in C and have the same deriva-
tive at 0. Consequently, the lemma will be proved if we show that e*™(1 — An)* is a
group. Now, by Lemma 2.3 with G=C, H=A, f(A)=e™ and g(A)=1-An, it
suffices to prove that e*™(1 — An) is a group. By Lemma 2.2 with a=1 and f({)=e*
(p € C fixed), we have
ne*™—e*™n = une*™n  (peC).
Thus, for all A, p € C,
(1-An)e*™(1 —pun) = e*™(1 — pun) — X(ne*™ — une*™n)
= e*™(1 —un)—Ae*™n = e*™(1 —(A+p)n).

Multiplying both sides by e, we obtain the group property for e*™(1 — An), and
the proof is complete.
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We now extend Lemma 3.1 to complex k. Note first that since an is quasi-
nilpotent, (1 — Aan)* is well defined for all A, u € C by means of the analytic opera-
tional calculus, and for each fixed A, it is a holomorphic group on C.

©) (- dany = 5 f PlL—1+2an) - dl, A peC,

where I'={{ € C; |{—1| =4}, to fix the ideas.

THEOREM 3.2. Let A be a complex Banach algebra with identity 1, and let a, m, n
be elements of A such that a commutes with m and n. Suppose

(ii) [n, m}=an?.
Then, for all complex A, p,

(4) eMm—uan) — ehm(l — ,\an)u = (1 + ,\an)—ue)\m.

Conversely, if a is invertible and if, for some u+0, one of the relations (4) holds (for
all X e C), then (ii) holds.

Proof. It follows from the definition (3) that d(1 — Aan)*/dA= — uan(1 — Aan)*~1;
therefore, if one of the relations (4) is valid for some p#0, a straightforward com-
parison of the second derivatives with respect to A at A=0 gives a[n, m]=a%n?, i.c.
(ii) holds if a is invertible.

We prove now the first part of the theorem. As in Lemma 3.1, we may assume
a=1. Since (4) is trivial for n=0, we assume n50, and let §==/(2||n|) and

K = max {|((—1+M)"[;{eT, A S &),
For {=re* varying on T', we have 1/2<r<3/2 (so surely |log r| <1) and |6| £=/6.
Therefore, if p=8+1iy,
log |8#| = log rée=% = Blogr—yf
< |Bl [log r|+16] |y = |pl(1+7/6) < m|u|/2.
Thus, by (3),
©) [(A=M)| < Ke™#i2 (|A] < §).

Also
"e-hmeh(m-un)" < e!MlimllgIAllim = unll

< e2Almll gl lullinll < galimil/linl gnlul/2
for |A| 6.
For A € C fixed, consider the entire function of p,
FA(}‘) = e-AmeA(m—un)_(l _M)u.

If |[A|£8, F,(-) is of exponential type <=/2 and Fy(k)=0 for all integers kK by
Lemma 3.1. Therefore Fy(1)=0 for all p e C and |A| £3. Since F,() is also an
entire function of A, it follows that F,(u)=0 for all A, x € C, and the first relation in
(4) is proved. The second relation follows from the first as in Lemma 3.1.
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For A € C fixed, consider the binomial series
B = 3 (~(f)yaw  @eo,
=0

where (4)=1and (*)=p(u—1)- - - (v —j+1)/j! for positive integers j. If u is a positive
integer, (¥)=0 for j>p and B,(r) is the binomial expansion of (1 —Aan)*. Since
|(®)] £ (1 + |]), it follows from (2) that B,(u) converges absolutely for all A, u € C.
As a binomial series in p, it is therefore of exponential type <=/2 for Re u>0
(A fixed). By (5), (1 —Aan)* is also of exponential type <=/2 as a function of p
(€ C, Xfixed with |A| <3). Since B,(n)=(1— Aan)* for positive integers u, the same
relation is valid for all u, A € C such that Re >0 and |A| £8, and hence for all
1, A € C since both functions are entire in A and . We proved

COROLLARY 3.3.

erm-kam — ghm A (1) (") Na'n!
DAY

= i (‘f‘) Nan'erm
f=o \ J

for all A, u € C, and the series converge absolutely.

Expanding the exponentials in powers of A, multiplying the series on the right
and comparing the coefficients of A¥, we obtain

COROLLARY 3.4. For all complex p and nonnegative integers k,

—_ k — S - [ k! k-
(m— pan) ;Zo( l)’(j) (k—j)!m o'’

& (—p\ k! .

=2 (7 g emm=

We note at this point that since all functions of u appearing in Corollary 3.4 are
polynomials, the corollary is equivalent to its special case with u a positive integer.
This case can be proved directly by induction on k, using Lemma 2.2, and this leads
to an alternative proof of Theorem 3.2. This approach shows also that Corollary
3.4 is valid in the general setting of Lemma 2.2 (first part!). We preferred the above
method because the inductive proof is quite tedious.

COROLLARY 3.5. For all complex p and all polynomials ¢,

wn—pan) = > (~1y(“)gomian’

/=0 J
=> ( __“) @ (m)
ji=0 J

(the sums are of course finite since ¢’ =0 for large j).
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Proof. For ¢(t)=t* (k=0, 1, 2,...), this is just Corollary 3.4. The general case
follows then from the linearity of all the expressions involved when considered as

functions of ¢.
NOTATION. o*(m)={{ € C; dist ({, o(m)) 2| m|}.

THEOREM 3.6. If o*(m) has a connected complement, then for all complex p,

() o(m—pan)<=o*(m);

(b) the identities of Corollary 3.5 are valid for every complex function ¢ holo-
morphic in a neighborhood of ¢*(m), and the series converge absolutely;

(c) in particular, for { ¢ o*(m), the following identities hold:

R m—pan) = 3 (=19()j1R@ my 0
j=0 J

0

= > (F)emra; my.
j=o \ J
For each fixed ., the series converge absolutely and uniformly in { on every compact
subset of C\o*(m).

Proof. Fix p € C, { € C\o*(m) and 0<h<1 such that 2|m|/h dist (; o(m)) <1.
Since 3, (4)#’ converges absolutely, there exists a constant K such that |(4)| < Kh~7
for all j=1, 2, .... By (2) (with n replaced by an), the jth term of the series in (c) has
norm smaller than or equal to K|an|jh~’(2|m|) | R(¢; m)’**|, and therefore
the lim sup of its jth root is <2|m|/h dist ({; o(m))<1 (cf. [7, p. 530]).
Thus the series converge absolutely for { € C\a*(m), and if Q< C\o*(m) is compact,
similar estimates show the uniform convergence of the series on Q. In particular,
the series in (c) define functions holomorphic for { € C\o*(m), and since C\o*(m)
is connected, it suffices to prove the identities (c) for large |{| (indeed, if F({)
denotes any one of the series in (c), the relation

[—(m—pan)]F(§) = FQOI—(m—pan)] = 1

is valid for all { € C\o*(m) as soon as it is valid for large |{|). For such {, we have by
Corollary 3.4,

R(¢; m—pan) = i {7~ Ym— pan)*

k=0

k=0 §=0 J

S < _ k! —k—1yk-
= ;Zo (-1y l]") ,,Z, T z mE=Iain!
=S ™\ .
= Zo( 1y ( j)( 1YR({; m)Pa'n’

Il
s
—_
|
[S—y
=
~ B

JIR(E; my +tain’.

-
]
(-]
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The change of the order of summation is justified as soon as the series

S5 ()

converges. By (2), this is surely the case if |{|>3|m]|. The same estimates justify
also the first equation above for |{|>3|m| (cf. Corollary 3.4). This proves the
first identity in (c) and (a). Similar computations derive the second identity in (c)
from the second relation in Corollary 3.4. Finally, (b) is derived from (c) by contour
integration term-by-term (note that, with the usual choice of I,

k!
=i =] ll(any’|

3 | POSRG my L = 900m),  j=0,1,2,...)

COROLLARY 3.7. If o(m) has a connected complement, then for all integers k,
(@) o(m—kan)<o(m);
(b) for all complex functions ¢ holomorphic in a neighborhood of o(m),

k

pm—kan) = > (—-1)’(’;.)9:"’(m)a’n’, k=0,

i=0
-k _ k
=> ( ; )a’n’zp‘”(m), k < 0;
j=o \J
(c) in particular, for all { ¢ o(m),

k
R m—kan) = > (-1)!(".) SR my i, k20,
ji=o J

~k
= > ()rawrasmy, k<o
j=o \ J
Proof. (c) is a special case of Theorem 3.6(c) (for large |{|), since (4)=0 for j>p
if p is a nonnegative integer. Since the right side is holomorphic in the connected
set p(m), an argument made in the preceding proof shows that (c) is valid through-
out p(m). In particular, (a) holds, and finally, (c) implies (b) by contour integration.

COROLLARY 3.8. Let k be an integer. Then o(m) and o(m—kan) coincide if both
have connected complements.

Proof. Fix k, and let m’=m—kan. Then a commutes with m’ and [n, m’]=[n, m]
=an?. Thus the triple (a, m’, n) satisfies the hypothesis required of (a, m, n). There-
fore, by Corollary 3.7(a) with k, m replaced by —k, m’, we have o(m)=a(m’ +kan)
Co(m’). Since o(m’)=a(m) by Corollary 3.7(a), the proof is complete.

COROLLARY 3.9. If o(m) is real, then o(m— kan)=o(m) for all integers k.

Proof. By Corollary 3.7(a), o(m—kan) is also real, and we may then apply
Corollary 3.8.
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(Of course, the same result holds with the real line replaced by a suitable Jordan
curve.)

COROLLARY 3.10. Let m be real of class C” for some r 2 0. Then, for any integer k,
m—kan is real of class C™* %\, Moreover, if ¢ — ¢p(m) denotes the C'-operational
calculus for m, then the CT+'¥\-gperational calculus for m—kan is given by
¢ — @(m—kan), with (m— kan) defined by (b) in Corollary 3.7.

Proof. Fix real numbers « <8 such that (e, B)>a(m). The map ¢ — ¢(m—kan)
defined by (b) in Corollary 3.7 is a well-defined continuous linear mapping of
CT+1kl[a, B] into 4, and it coincides by Corollary 3.7(b) with the usual operational
calculus when restricted to polynomials ¢. In particular, the map is multiplicative
on polynomials, hence on C™*'*![e, 8], since the polynomials form a dense subclass.

Note that Corollaries 3.7-3.10 depend on Lemma 3.1 rather than Theorem 3.2,
so that more elementary proofs are possible.

4. Regular semigroups of operators. Throughout the following sections, X is a
complex Banach space, B(X) is the Banach algebra of all (bounded linear) opera-
tors on X, C* is the right half-plane {{ € C; Re {>0}, and N(-): C* — B(X) is a
semigroup of operators. The zype of N(-) is

v = sup log [N

where Q={{=¢+in;0<£<1, |y =1} N(-) is of class (Cy) if for each x € X,
N(é)x — x strongly as £ — 0+ (cf. [4, p. 321]). We shall write N=N(1).
DErINITION 4.1. N(-) is regular if it is holomorphic of class (C,) and finite type.
For example, the Riemann-Liouville semigroup J* in L,(0,1) (1<p<o0) is
regular (cf. [4, 23.16] and [5]).
If N(-) is regular, it possesses ‘““boundary values’ on the imaginary axis

0] N(m) = eljlgl+ N(é+im) e B(X), neR,

where the limit exists in the strong operator topology (cf. [4, Theorem 17.9.1]).
It follows from (1) and the properties of N(-) that n — N(in) is a strongly con-
tinuous group of operators which commutes with N(-) and satisfies the relation

@ N(¢+in) = N(ONGn) (2 0,7€eR).

Thus, a regular semigroup can be extended to form a strongly continuous semi-
group in the closed half-plane C*, holomorphic in C*. Conversely, if N(-) is a
holomorphic semigroup in C* which admits a strongly continuous extension to
C+, then it follows from the Uniform Boundedness Theorem that N(-) is regular
on the space

X, = closure | J {N({)X; L e C*},

which coincides with X when N(-) is of class (Cy).
These remarks allow us to think of a regular semigroup as defined a priori in the
closed half-plane.
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It follows from the proof of Theorem 17.9.1 in [4] that N(-) is of exponential
type <von C*, i.e.

&) IN©| = Ke*™, Rel 20,
for some constant K> 0. In particular,

1 = |N(—in)N(ip)| < K2e>'" for all n€R,
and so v=0.

THEOREM 4.2. Let N(-) be a regular semigroup of type <=. Then, for each {
(Re {=0), N({) is one-to-one with dense range.

Proof. 1. We show first that Nx=0 implies x=0. Consider the function x({)
=N({)x in Re (=0 for x fixed such that Nx=0. It is strongly continuous in
Re {20, holomorphic in Re {>0, and of exponential type <v<= in Re {=0.
Moreover, x(k)=N*x=0 for k=1, 2,.... By [4, Theorem 3.13.7], it follows that
x({)=0 for all { in Re {=0; in particular ({=0), x=0.

Suppose now that N({)x=0 for some {,=¢,+in, (£,20) and x € X. Then
N(€o)x=N(—ino)N({s)x=0. Let n be any integer > ¢&,. Then

N™x = N(n)x = N(n—§&)N(&)x = 0.

Since N is one-to-one (by the first part of the proof), it follows that x=0. Thus
N({) is one-to-one for each { in Re {=0.
2. The conjugate group {— N({)* ({ € C*) is regular of type v (<), when
restricted to the space
X¥ = closure |J N(O)*X*.
leC*
Therefore, by the conclusion of 1, N({)* is one-to-one on Xg, for each fixed
teC+.

Suppose N(¢+in)*x* =0 for some x* € X*, £>0and » € R. Then N(in)*N(£)*x*
=0 and so N(£)*x*=0 since N(in), and hence N(in)*, is nonsingular. For each
n=2,3,..., N(é—¢/n)*N(¢/n)*x* =0, and since N(¢/n)*x* € X and N(¢é—€/n)*
is one-to-one on X¢, it follows that N(¢/n)*x*=0. Since N(-) is of class (C,), we
have, for each x € X,

x*x = lim x*N(¢/n)x = lim [N(é/n)*x*]x = 0.

Thus x*=0 and N(¢+in)* is one-to-one on X* for £>0; consequently, N(¢+in)
has dense range in X for £>0 (the same is trivially true for £=0, since N(in) is
nonsingular).

(The hypothesis v< = is superfluous. The same proof, with trivial changes only,
shows that the conclusion is valid for any holomorphic semigroup of class (Cy)
in C*))
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REMARK 4.3. By Theorem 4.2, the inverse N({)~! exists as a densely defined
closed operator with domain N({)X. If we let N(—)=N({)"!, 2_,=N({)X and
2,= X (Re £20), we obtain a function N(-) defined on C, whose values are closed
operators N({) with dense domain Z,, which are bounded for Re {=0. The semi-
group property takes the form

NG +82) @ N()N(&o), {1, eC,

and coincides with the usual identity if either Re ;=0 or Re {; <0 for both i=1, 2.
We shall think of N(-) as defined in the above sense for all { € C. Note that
Dy v 15=9; since N(in) is nonsingular (¢, n € R).

THEOREM 4.4. Let N(-) be a regular semigroup of type <m. Then every operator
which commutes with N commutes with N({) for all { e C.

Proof. Suppose 4 € B(X) commutes with N. For x fixed, the function x()
=[4, N({)]x is strongly continuous in Re {=0, holomorphic in Re {>0, and of
exponential type <= in Re {=0. Moreover, x(k)=0 for k=1,2,.... By [4,
Theorem 3.13.7], x(§)=0 for all { in Re { =0, and since x was arbitrary, the theorem
is proved for Re {=0.

Let (e C* and xe€ 2_,. Thus x=N({)y (y € X), y=N(—{)x, and by the first
part of the proof,

Ax = AN(Q)y = N(D4ye D,
Hence
N(=0Ax = Ay = AN(-)x,

ie. N(—0)A=AN(—-0) on 2_,. Q.E.D.

STANDING HYPOTHESIS 4.5. From now through the end of §6, N(-) is a regular
semigroup of type v<w, and 4, M € B(X) are such that

(i) A#0 commutes with M and N; and

(ii) [N, M]=AN>.

We fix the notation Z,=domain N () (cf. Remark 4.3) and

@ T, = M+(AN, {eC.
We now have the following generalization of [10, Lemma 1]:

THEOREM 4.6. For all {, o € C, D, is invariant under M and T,, and the following
equivalent identities are valid on 9,:

(@) [N(@Q), M]=LAN(+1);

(b) NOM=TN();

(€) MNO)=NQT-..

Proof. The three identities are equivalent because 4 commutes with N({) by
Theorem 4.4. Fix x € X, and let

x(0) = [N(©), M]x—LAN({+1)x, Rel = 0.
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Fix >0 such that v+ e < 7. The vector-valued function x(-) is strongly continuous
in Re { =0, holomorphic in Re {>0, and of exponential type <v+e<w: by (3),

IXOl = 2K| M| | x]e™ + K| A] |N] |x] [¢]e"! = K'e* oL,

By Lemma 2.1, x(k)=0 for k=1, 2, . ... Therefore, by [4, Theorem 3.13.7], x({)=0
for all { e C*. Since x was arbitrary, this proves (a) (and hence (b) and (c)) for
Re {=0. By (c), 2_, is invariant under M, and hence also under T, by Theorem 4.4
(eCt acC). LetxeD_, say x=N({)y ({ € C*); then y=N(—{)x and by (c),
for Re (>0,

N(=OMx = N(=OMN@Q)y = N(=ONQT-y = T_;y = T_N(=x.
This proves (b) (and hence all three identities) for Re {<0.
COROLLARY 4.7. For all {, « € C,
&) T; = NC—o)ToN(e—0) on2,_..

In particular, T, is similar to T, if Re {=Re «, and the similarity is implemented by
N(in) with n=Im («—1{).

Note that (5) tells that 7, is “unboundedly similar” to T, for all {, « € C.
Proof. By Theorem 4.6, we have on 9, _, (cf. Theorem 4.4)

T.N(@—0) = (Ta-t+{AN)N(e—8) = N(e—)(M+{AN) = N(«— )T

This implies the corollary.

ReEMARKS 1. By Lemma 3.1, AN is quasi-nilpotent. Let {€ C* and fix an
integer n such that Re n{ > 1. Then, by Theorem 4.4, [AN({))]*=[A""*N(n{—1)]AN
is quasi-nilpotent, and therefore AN({) is quasi-nilpotent. For 7 € R, observe that
the nonsingular operator N(in) is the strong operator limit of the quasi-nilpotent
operators N(¢+in) as £ — 0+ (for 4 nonsingular).

2. Suppose A is an eigenvalue of T, for some « € C. If x (#0) is a corresponding
eigenvector, then for all { € C with Re { > Re «, we have, by Corollary 4.7,

TN—)x = N{—a)To,x = AN —a)x.

By Theorem 4.2, N({—«)x#0, and therefore A is an eigenvalue of T, (with eigen-
vector N({—«)x). Thus o,(T,)<o,(T;) for Re a<Re L.

5. The C*-classification of 7.
HyPOTHESIS. 4.5.

LeMMA 5.1. Let k be a nonnegative integer. Let {;=¢,+in, (j=1,2; £, < &;7,€R)
be such that T, are real of class C*.
Then T, is real of class C* for all {=¢+in in the strip ¢, S €S €. Moreover

O(T'{)C O(Th) v U(Tfa)'
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Proof. Constants will be denoted by K, Ki, K,, . ... Fix a polynomial ¢, and
consider the operator-valued entire function

O(0) = exp (W{)p(T;) = exp (VLN (in)p(TIN(—in)
(cf. Corollary 4.7). We have
12Dl = K2 exp ((£2—7*+2[n])[¢(T|
S K?exp (£ + 1) |@(Ty)].

Thus @ is bounded in the strip £, <¢=<¢,, and therefore, by the ““three lines
theorem” [2, Theorem VI.10.3],

1D +in)| = K max {[|o(Ty)], (T} (61 = € = ),

M

ie.
) le(Te sl < Ki exp (v(n*— £2)) max {Jlo(Ts,)|, |¢(T:,) [}

for all ¢, £¢<¢€,, 7€ R and all polynomials . By Corollary 4.7, Ty, is similar to
T, and is therefore real of class C k., Thus, there exists K,>0 such that
(T )]l = Kall@lli (=1, 2) for all polynomials . Here |¢], denotes the C¥[a, b]-
norm of ¢, where (a, b)>o(T}) for j=1, 2. By (2),

[¢(Te+ )| = Ks exp (9 — €3)| el ((, €= é,7€eBR)

for all polynomials ¢; hence Ty, is of class C¥[a, b] in the strip £, S£<¢6,. In
particular, o(T},,)<[a, b], by [9, Lemma 2.7], and T, is real of class C¥. Let
@ —> ¢(Ty,,,) denote the C*[a, b]-operational calculus for Ty, ,; then (2) is valid
for all ¢ € C*[a, b). Suppose ¢ € C¥[a, b] is such that

[support @] N [o(Te,) U o(T,)] = 0.
Then ¢(T,)=0 (cf. [9, Lemma 2.2]) for j=1,2, and therefore @(T,,)=0 for
£, S €L ¢, by (2). Using [9, Lemma 2.2] again, we conclude that
o(Terin) © o(Te) Vo(Ty) (612 €= &asmeR).
We now have the following generalization of [10, Theorem 6].

THEOREM 5.2. Let r, s be nonnegative integers. Suppose M is real of class C'.
Then T, is of class C"** and o(T;)=o(M) for all { in the strip |Re {| <s.

Proof. If s=0 (so that the strip reduces to the imaginary axis), T, is similar to M
in the “strip” (Corollary 4.7), and the conclusions of the theorem are trivial. Let
then s be a positive integer. By Corollaries 3.9 and 3.10, T, , are real of class C"**
and o(T . ;) =a(M). Therefore, by Lemma 5.1, T, is real of class C"**and o(T;) = o(M)
for all { is the strip |Re £| <s. Fix { in the strip, and let M'=T,. Then M =M'—{AN,
and the triple (4, M’, N) satisfies the Standing Hypothesis 4.5. Moreover, we
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proved above that M’ is real of class C"**. Therefore, by the first part of the proof
with M’ replacing M,

o(M) = o(M'~LAN) < o(M") = o(T}).
Hence o(M)=0(T;). Q.E.D.

COROLLARY 5.3. Let r,s be nonnegative integers. Suppose |e*™|=0(|t|") as
|t| — oo (t real). Then o(T)=0o(M) and T is (real) of class C"***2 for all { in the
strip |Re {| <s.

Proof. Apply [9, Lemma 2.11] and Theorem 5.2.

COROLLARY 5.4. Let X be a Hilbert space, and suppose ||e*™| =0(1) as |t| — .
Let s be a nonnegative integer. Then T, is real of class C* and o(T;)=0o(M) for all {
in the strip |Re {| <s.

Proof. Apply [8, Theorem 5, p. 175] and Theorem 5.2.

The next theorem generalizes Theorems 8 and 9 in [10]. Under the hypothesis
of Theorem 5.2, it gives explicitly the C"*s-operational calculus for T; ({ € C,
|Re {|<s). Fix a<b such that (a, b)>o(M), and let ¢ — (M) denote the
C’[a, bl-operational calculus for M. By Corollary 3.10, the C"*[a, b]-operational
calculus for T is given by ¢ — ¢(T), where

s

© WT) = 3 (()aNwan.  pecra bl
j=o

THEOREM 5.5. Let r, s be nonnegative integers, and suppose M is real of class C".
Then, for |Re {| <s and p € C™*%[a, b], D,_, (=range N(s—{)=domain N({—ys)) is
invariant under o(T;), and the C"*°[a, bl-operational calculus ¢ — o(T;) for T, is
given by

C)) oT) = NE—5)p(T)N(s—0), e C"**a,b].
For —s<Re {£0, D, is invariant under o(M) and (4) simplifies to
&) o(T) = NQe(M)N(—0), ¢eC **[a,b].

Proof. For |Re{|<s, N(s—{) is bounded, and therefore the relation
N(s— )p(T)=¢(T)N(s—{), which is true for polynomials ¢ by Corollary 4.7,
remains valid for all ¢ € C"**[q, b], since both T, and T are of class C"**[a, b].
Therefore D,_,=range N(s—{) is invariant under ¢(T,) and (4) holds for all
g e C"t[a, b].

Suppose now that —s<Re {<0. Since N(—{)e B(X) and T, are of class
C"**[a, b}, the relations

(©) oM)N(=8) = N(- (T

and

Q) AT_IN(=0) = N(=De(M),
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which are valid for polynomials ¢ by Theorem 4.6, remain valid for all € C"**[a, b].
In particular, D,=range N(—{) is invariant under ¢(M) by (6) and ((7) with
{=-5)

$TIN(s) = N(s)p(M).
Thus, by (4),

HT) = NC—s)p(TIN(s)N(—0) = N({—s)N(s)p(M)N(—-)
= N(Op(M)N(-9),
and the proof is complete.
Theorem 5.2 can be sharpened when r=0. In this case, we shall obtain a general-

ization of Theorem 1 in [11]. We first need however a generalization of Theorem 6
there.

NOTATION.
®) T«(t) = exp (itT,) ((eC, teR).
©) ¢ = |AN].

Since N has dense range (Theorem 4.2) and 4 #0, we have ¢>0.
LEMMA 5.6. There exists a constant H>0 such that
ITesuO = HJe™|[(1+c|e])!em
forall ¢, 9, t€R.
Proof. By Corollary 4.7,

10 Teenn(t) = N(i)Te(1)N(—in),

and therefore, by 4.1(3),

(an K2 M T(0)]| < [Tesm()] = K22 Tr)].
Fix ¢ € R, and let

(12) (0 = exp (WL)T:(¢).

By (11),

13 [@LE+im)| = K exp (€2 +1)|T0)].

In particular, ®,(¢+ in) is bounded in the strip k—1 < £ <k for each integer k. By
Lemma 3.1 and (13),

(14 @k +in)]| < K* exp (k> +1))[|€"™|[(1 +c[e])'™!.
By the “three-lines theorem” [2, Theorem VI.10.3], it follows easily that
@€ +im)| = K exp ((£2+5/4) e[| (1 +c|e ),
and therefore
IT«0)] = exp (—vE)| QL) = KZe>*[e™|[(1+clz ).
By (11), the proof is complete.
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THEOREM 5.7. Suppose ||e*™| < B for all real t. Then there exist a constant H and
a positive upper semicontinuous function C(¢) on R such that

C(®e~ 2 < (L+c|t) ¥ Terin(t)| = He*™
for all £,7,teR.

Proof. The right estimate follows from Lemma 5.6. We proceed to prove the
left estimate. Note first that o(M) is real (cf. [8, p. 166]) and 1=r(e'™) < ||e*™|. For
t, £eR, let

Ci(é) = (I+ctD~|T«n), and C(§) = inf{Cy(¢); te R}.

Clearly C(-) is continuous for each € R, and therefore C(-) is upper semi-
continuous. By (11), we must only prove that C(£)>0 for all £ € R. Suppose
C(€)=0 for some ¢ € R. Then £#£0 since C(0)=1. Fix an integer n such that
n|é|>1. There exists a sequence {f,}<R such that |f| — o0 and C,(¢) -0 as
k — oo. Fix >0, and then k, such that

(15) C, () < ¥ fork Z k.
For k =k, fixed, consider the entire functions
Fe(©) = (L+c|t) 7D, (0,

where @, is defined by (12). By (13), these functions are bounded in each vertical
strip a<Re { <b (a<b real), and

(16) |FE(m)| = K2Be' (cf. (14)).
It follows easily from Theorem 3.2 that
ITae(O)]l = lle™[e=* T = B***|Te(®)]|"
Therefore Cy(né) < B"*1Cy(€)", and by (15),
a1mn C, (n¢) £ Br*1gmidl,

We determine the superscript of F as (+) if £>0 and () if ¢<0.
By (13) and (17),

|F(mé+im)| < K? exp («(n*é +1))C,, (né)
< K2Bn+! exp (v(n2§2 + 1))enlel_

We now apply the “three-lines theorem™ to Fy (resp. F;) in the strip 0< Re { Sn¢
when £>0 (resp. né <Re { <0 when £ <0); we obtain (cf. (16))

|F(@+in)| < K2B"** exp ((n?é*+1))e!*! = Kyl

in the respective strips.
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Since n|¢| > 1, this is true in particular for {=a=1 (resp. —1). Thus

(I+c|te) " T2a(t)| < Kie for k 2 ko
Thus
len; A +c|te) 7 Tea(te)| = 0.

By Lemma 3.1, however, |1+ itAN| < B||T.,(?)|. Therefore
En}) (I +clt))~ 1+ it AN| = 0.

Since |t,| — 00 and ¢=| AN |, this limit is trivially equal to 1, and we reached the
wanted contradiction.
It is now very easy to prove the following generalization of Theorem 1 in [11].

THEOREM 5.8. Let s be a nonnegative integer, and let M be real of class C. Then
T, is of class C* if and only if |Re {| <s.

Proof. By Theorem 5.2, Ty is real for all { € C, and is of class C* if |Re {| <s.
Suppose now that T is of class C* for some {=£+in with |¢| >s. Since T is real,
it follows that, as [¢t| =00, ||T;.:u(¢)]|=0(|2]%), hence (1+c|t])™ 8| Te i)l
=0(|t|*~"¥')=0(1), contradicting Theorem 5.7 (since || < B is valid for M real
of class C).

In Hilbert space, the conditions ““ M real of class C”” and ||e*™|| =O(1) are equiv-
alent (cf. [8, Theorem 5, p. 175]). Thus Corollary 5.4 has a full converse; formally
(for X a Hilbert space)

COROLLARY 5.9. Let s be a nonnegative integer, and suppose |e*™| =O(1). Then
T, is of class C* if and only if |Re {| <s.

6. Similarity and spectrality.

HyPOTHESIS. 4.5.

By Corollary 4.7, T, is similar to T, if Re {=Re «. As a consequence of Theorem
5.7, we obtain the following converse, which is a generalization of the deep part of
Theorem 2 in [11]. The case Re {= — Re « cannot be studied by these methods (in
[11], this case is almost trivial, cf. §3). Besides the Standing Hypothesis 4.5, we
assume that |e"™| =O(1), as in Theorem 5.7.

THEOREM 6.1. T, and T, are not similar if |Re {| #|Re «.

Proof. By Corollary 4.7, it suffices to show that if £ and A are real and |€|> ||,
then T, is not similar to T,. Suppose Q is a nonsingular operator such that
T:= Q™ 'T,Q. Then, by Theorem 5.7, we have

0 < C(®) = (L+ct) T = A +cleh @ TANQ|
< H|Q| 12 I+t =11 >0 as [¢] — oo,

a contradiction.
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The following generalization of Theorem 3 in [11] follows also from Theorem
5.7. The case Re =0, 1, 2, ... cannot be decided by this method.

THEOREM 6.2. Suppose ||e*™| = O(1). Then T, is not spectral for Re {#0, 1,2, .. ..

Proof. By Corollary 4.7, it suffices to prove that T, is not spectral for ¢ real
#0, 1, 2, .. .. Suppose first that £ is not an integer, and let » be the unique positive
integer such that n—1<|£| <n. Suppose T spectral, i.e., T;=S+ Q with S a real
scalar operator and Q a quasi-nilpotent operator commuting with S. By Theorem
5.7 (cf. [10, proof of Lemma 14(a)]), we have Q"**=0, and thus

zo (it)eQ¥k! = €' = e "ST(1).
k=

Since S is real and scalar, ||e*S| =K for all £ € R. Now, by Theorem 5.7, we have,
as |t| — oo,

g1/ = tim @ +ele | 3 aree]
= lim (1+clt[)~"[le"*T()]

< Klim sup (1+clt])~"|T(1)]

< K, lim sup (1 +cf¢])''=" = 0.

Thus Q*=0, and therefore, as || — oo,
n-1
(|t T] S KA +cle)™# S ||| @¥l/k! -0
k=0
since |£| >n— 1. This contradicts Theorem 5.7 and proves our theorem for Re { not
an integer. Consider now T _, for a positive integer n. By Lemma 3.1,
T_.(t) = e"™M(1—itAN)".

Suppose T_, is spectral; then T_,=S+ Q and Q"*'=0 as before. Thus

1) (1—itAN)* = e~MT_ (f) = e~¥MeitS Z (i) Q¥/k .

k=0

Let x erange Q, say x=Qy (¥ € X). Then

|¢] ~"|(1—itANY"x|| = Kal| ="

f (it)"Q"“y/k!“—>0
k=0

as |t| — co. However the left side tends to [|(4N)"x| as |¢| — co. Thus (AN)"x=0.
Since 4 commutes with N and N is one-to-one, it follows that A"x=0. Thus
A*Q=0. However 4 commutes with 7_,, and therefore with Q (cf. [1, Theorem
5]). Hence QA™=0, and by (1), (1 —itAN)"A"=e~*Me"S, Since the right side is a
bounded function of ¢, we must have NA®** =0, and since N is one-to-one, A***=0.
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However A cannot be nilpotent, for then AN is nilpotent, and the left estimate of
Theorem 5.7 cannot hold for all &, 7, t € R (take p=0, £ an integer larger than the
order of nilpotency of AN, and ¢ — oo0). This contradiction completes the proof.

COROLLARY 6.3. If dim X <o, there exists no triple A, M, N satisfying the
hypothesis of Theorem 6.2.

Proof. If dim X <00, every operator on X is spectral.

COROLLARY 6.4. Suppose X separable, ||| = O(1) and o,(T,) uncountable. Then
T, is not spectral for all { with Re {#0.

Proof. If T, were spectral, it should be of finite type by Theorem 5.7 (cf. [10,
proof of Lemma 14(a)]), and since X is separable, o,(7T;) should be countable
[3, Theorem 1]. But o,(T;)>0,(T;) for Re {21, by the last remark of §4. Hence
o,(Ty) is uncountable for Re (=1, and therefore T is not spectral for Re {=1.
Taking this together with Theorem 6.2, we obtain the wanted conclusion.

COROLLARY 6.5. Suppose X is separable, M is a real scalar operator, and o,(T,)
is uncountable. Then T, is spectral if and only if Re {=0.

Proof. Apply Corollaries 4.7 and 6.4. This last corollary generalizes Theorem 3
in [11].

7. Generalizations. We begin with an interesting consequence of Lemma 2.1.

THEOREM 7.1. Let A be a Banach algebra with identity, and let m, n € A be such
that D2m=0 (i.e., [m, n]=c commutes with n). Then, for every complex function g
analytic in a neighborhood of o(n), m+g'(n)c is similar to m. More precisely,

0)) m+g'(n)c = e"*™me’™
(g can be A-valued, if its values commute with m and n).
Proof. Given g as in the hypothesis, take f=¢¢ in Lemma 2.1. Then
me*™ —e¥™m = D, f(n) = f'(n)Dpn = e*™Vg'(n)c;
multiplying both sides by e~9™, we obtain (1).

COROLLARY 7.2. Let A be a Banach algebra with identity. Let m,ny, ..., n. € A
be such that n, and [m, n))=c; commute with n, (i, j=1, ..., k). Let g be complex
functions analytic in a neighborhood of o(n) (i=1, ..., k). Then m+ 3}, gi(n)c, is
similar to m. More precisely,

k Kk k
@) m+ > gm)e, = exp (— > g‘(nt))m exp (Z gt(m))‘
i=1 i=1 i=1
Proof. Let 1<p<k. Then

P
[m+ Z gi(nci, np+1] = Cp+1

i=1
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commutes with n,, ;. Applying Theorem 7.1 with g=g, ., n=n,,, and m replaced
by m+27-, gi(n)c;, we obtain

p+1

mt S gln)e, = exp (~gpslrpe )| m+ 3 gin)c] xp (8. s1n o)
i =1

The result follows now by induction on p, extended up to k.

THEOREM 7.3. Let A be a Banach algebra with identity. Let m, ny, n,, ... € A be
such that n; and [m, n;]=c; commute with n; (i, j=1, 2, . ..). Let g, be complex func-
tions, analytic in a neighborhood of o(n) (i=1,2,...), such that 3>, g(n)c
conrerges in A, (to an element s). Then m+ >, gi(n)c, converges in A, and is
similar to m. More precisely

©) m+ > gin)e, = e~*mes.
i=1

Proof. For each k=1,2,..., let s,=>F.; g(n). Then exp (£s,) = exp (£5),
and therefore, by Corollary 7.2,

k
m+ Z gi(n)c; = exp (—s)m exp (s,) — e~ me®.
i=1

For example, if m and n; are as in Theorem 7.3 and g;(A) =z, A% **/(k, + 1) (k, non-
negative integers, z; complex), then m+ 32, znfic; converges and is similar to
mif > znfi*1/(k,+ 1) converges.

THEOREM 7.4. HYPOTHESIS 4.5. For i=1,2,..., let o, {;€C, Re {21, {;#1.
Suppose 3, a({;—1)"IN(;—1) converges in B(X). Then M+ ,AN(L,)) converges
in B(X) and is similar to M.

Proof. In the Banach algebra B(X), take m=M and n,=N({;—1). Then, by
Theorem 4.6,

¢ = [M,N(i—1)] = —(§;—1DAN().
In the preceding example, take k,=0 and z,= —o({,—1)"%
COROLLARY 7.5. HYPOTHESIS 4.5. Fori=1,2,..., let o, {; be as in Theorem 7.4.

Let
T, = M+aAN+ D oAN({), aceC.
i=1

Then the operators T, satisfy Corollary 4.7 and Theorems 5.2, 5.5, 5.7, 5.8, 6.1 and
6.2.

Proof. Let M'=M+3 ,AN((). Since [N, M']=[N, M] and M'~M by
Theorem 7.4, the triple (4, M’, N) satisfies Hypothesis 4.5, |e*™'|=0(1) if
[e™]|=O(1) and M’ is real of class C" if M has this property. We may therefore
replace M by M’ in the conclusions of all the theorems mentioned above.
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Note that «; could be operators, provided that they commute with 4, M and N.
Since AN(?) is quasi-nilpotent for Re { >0 (cf. concluding remarks of §4), we obtain
easily the following results. In 7.6-7.10, we assume Hypothesis 4.5.

COROLLARY 7.6. Let L€ C*, and let n be the first integer such that Re n{=1
(n¢>1if L is real). Let f be a complex function analytic at 0 such that f®(0)=0 for
0<isn—1. Then M+f(AN(D))~ M.

COROLLARY 7.7. Let r, s=0 be integers, and suppose f is analytic at 0 with f(0)
real. If M is real of class C', then M +f(AN) is of class C™*® for |Re f'(0)| £, and
o(M+f(AN))=0(M)+/(0).

Moreover, if M is real of class C, then M+f(AN) is of class C* if and only if
|Re f(0)] <s.

COROLLARY 7.8. Suppose |e*™|=0(1). Then M+f(AN) is not spectral for
Ref'(0)#0, 1, 2, ... (f as before).

COROLLARY 7.9. Let f, g be analytic at 0. If f(0)=g(0) and Re f'(0)=Re g'(0),
then
M+f(AN) ~ M+g(AN).

Conversely, if | ™| =0(1) and M+f(AN)~M+g(AN), then
f(0) =g(0) and |Ref'(0)] = [Reg'(0)].

COROLLARY 7.10. Let f be analytic at 0 and ||| =0O(1). Then M+f(AN)~M
if and only if f(0)=Re f'(0)=0.

We turn now to generalizations in another direction. First, in the Banach
algebra context (§3), we may replace the commutation relation [n, m]=an? by
D2m=0, and look for situations in which a “substitution” n’=f(n) reduces the
commutation relation [m, n]=c to [m, n']=an’?. By Lemma 2.1, we must have (for
fanalytic in a neighborhood of o(n)) f'(n)c=af(n)? (where a and f must be chosen).
A special case of interest is when ¢ =g(n), with ¢ analytic in a neighborhood of o(n).
With a=1, we then look for f such that (f'¢—f2)(n)=0. In particular, f may be
taken to satisfy the differential equation ¢f’—f2=0 (in a neighborhood of o(n)),
provided that a solution analytic in a neighborhood of o(n) exists. The results of §3
extend then to the present situation, with n replaced by n’ =f(n). For example, the
commutation relation

(i), [m, n]=n* (k=2 fixed)
gives the differential equation z¥f'—f2=0, which has the entire solution f(z)
=(k—1)z*~1, Thus the results of our paper are valid when (ii) is replaced every-
where by (i), provided n (or N) is replaced in the conclusions by n’'=(k—1)n*~*
(or N'=(k—1)N¥-1).

In the context of Hypothesis 4.5, we may replace the commutation relation (ii)
by the more general relation (with 4 =1 for simplicity):

(i), [N, M]=N() (¢ fixed, Re {20).
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A slight modification of the proof of Theorem 4.6 gives

) [N(2), M] = aN(a+{-1)

for Re a2 max (0, 1 —Re {). If §=Re {1, we may take Re e=1—¢ in (1). Thus

2 [NA—¢+it), M] = (1 -£+it)N(i(n+1))

for all ¢ € R. But this is impossible, since N(i(n+1?)) is nonsingular, and (2) implies
that it is quasi-nilpotent (cf. [12, Theorem 1.3.1]; take ¢#0).

Thus (ii), is possible only for Re {>1 (cf. Theorem 4.6(a)). In this case, choose
e={—1in (1). Then

[IN¢G-D, M] = ((-DNQ(E-1) = C-DN(E-1)?

i.e., N'=N({—1) satisfies (ii) with A=({—1)I (of course, ({—1)N({—1) satisfies
(ii) with A=1, but trouble arises when we look for a corresponding semigroup). If
{ is real, the semigroup N'(«)=N(a({—1)) satisfies N'(1)=N" and Hypothesis 4.5
(with 4A=({—1)I), except that its type may be larger than =. However, the require-
ment v <« was needed only in order to obtain the conclusions of Theorems 4.2, 4.4
and 4.6; but the first two are valid for N'(-) because they are valid for N(-), and
the third follows easily from (1).

We conclude that the results of §§5-7 are valid if, in Hypothesis 4.5, we replace
the commutation relation (ii) by (ii), with { > 1, provided 4, N and N(-) are replaced
respectively by ((—1)I, N'=N({—1) and N'(«)=N(e(—1)).

We described the reduction of (ii), to (ii). There is of course a reverse process: if
N’ satisfies (i) (with 4=({—1)I), then N=N'(1/({—1)) ({>1 fixed) satisfies (ii),,
and the corresponding semigroup is N(«)=N’(|({—1))—cf. Theorem 4.6(a). In
particular, this provides examples of pairs N(-), M satisfying (ii);.
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